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1 Introduction
In this paper, we assume that H is a real Hilbert space and C ⊂ H is a nonempty closed
convex subset. Recall that a mapping T : C → C is said to be Lipschitzian if
∥∥Tu – Tu†∥∥≤ κ∥∥u – u†∥∥, ∀u,u† ∈ C,
where κ >  is a constant, which is in general called the Lipschitz constant. If κ = , T is
called nonexpansive.
A mapping T : C → C is said to be pseudocontractive if
〈
Tu – Tu†,u – u†
〉≤ ∥∥u – u†∥∥, ∀u,u† ∈ C.
We use Fix(T) to denote the set of ﬁxed points of T .
In the literature, there are a large number references associated with the ﬁxed point
algorithms for the pseudocontractive mappings. See, for instance, [–]. (The interest
of pseudocontractions lies in their connection with monotone operators; namely, T is a
pseudocontraction if and only if the complement I – T is a monotone operator.)
Now there exists an example which shows that Mann iteration does not converge for
the pseudocontractive mappings []. At present, it is still an interesting topic to construct
algorithms for ﬁnding the ﬁxed points of the pseudocontractive mappings.
On the other hand, there are perturbations always occurring in the iterative processes
because the manipulations are inaccurate. Recently, in order to ﬁnd the ﬁxed points of the
nonexpansive mappings, Yao and Shahzad [] introduced the following algorithms with
perturbations and obtained the strong convergence results.
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Algorithm . Let C be a nonempty closed convex subset of a real Hilbert space H . Let




αmum + ( – αm)Txm
]
, m≥ , (.)
where {αm} is a sequence in [, ] and the sequence {um} ⊂ H is a small perturbation for
them-step iteration satisfying ‖um‖ →  asm→ ∞.
Theorem . Suppose Fix(T) 
= ∅. Then, as αm → , the sequence {xm} generated by the
implicit method (.) converges to x˜ ∈ Fix(T),which is the minimum-norm ﬁxed point of T .
Algorithm . Let C be a nonempty closed convex subset of a real Hilbert space H . Let
T : C → C be a nonexpansive mapping. For given x ∈ C, deﬁne a sequence {xn} in the
following manner:
xn+ = ( – βn)xn + βn projC
[
αnun + ( – αn)Txn
]
, n≥ , (.)
where {αn} and {βn} are two sequences in (, ) and the sequence {un} ⊂H is a perturbation
for the n-step iteration.
Theorem . Suppose that Fix(T) 
= ∅. Assume the following conditions are satisﬁed:
(i) limn→∞ αn =  and
∑∞
n= αn =∞;




Then the sequence {xn} generated by the explicit iterative method (.) converges to x˜ ∈
Fix(T), which is the minimum-norm ﬁxed point of T .
Note that the idea of the iterative algorithms with perturbations has been extended to
the other topics, see, for example, [].
Motivated by the above ideas and the results in the literature, in the present paper, we
present two algorithms with variant anchors for ﬁnding the ﬁxed points of the pseudo-
contractive mappings in Hilbert spaces. Strong convergence results are given. As special
cases, we can ﬁnd the minimum-norm ﬁxed point of the pseudocontractive mappings.
2 Preliminaries
Recall that the metric projection projC :H → C is deﬁned by
projC x := argmin∀y∈C ‖x – y‖, x ∈H .
It is obvious that projC satisﬁes
‖x – projC x‖ ≤ ‖x – y‖, ∀y ∈ C,
and is characterized by
projC x ∈ C, 〈x – projC x, y – projC x〉 ≤ , ∀y ∈ C.
The following two lemmas will be useful for our main results.
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Lemma . ([]) Let C be a closed convex subset of a Hilbert space H . Let T : C → C
be a Lipschitzian pseudocontractive mapping. Then Fix(T) is a closed convex subset of C
and the mapping I – T is demiclosed at , i.e., whenever {xn} ⊂ C is such that xn ⇀ x and
(I – T)xn → , then (I – T)x = .
Lemma . ([]) Assume {an} is a sequence of nonnegative real numbers such that
an+ ≤ ( – γn)an + γnδn, n≥ ,




(ii) lim supn→∞ δn ≤  or
∑∞
n= |δnγn| <∞.
Then limn→∞ an = .
3 Main results
In the sequel, we assume that C is a nonempty closed convex subset of a real Hilbert space
H and T : C → C is a κ-Lipschitzian pseudocontractive mapping with nonempty ﬁxed
points set Fix(T).
The ﬁrst result is on the convergence of the path for the pseudocontractive mappings.
Now, we deﬁne our path as follows.
For ﬁxed ζ , t ∈ (, ) and ut ∈H , we deﬁne a mapping Gt : C → C by
Gtx = ( – ζ )projC
[
tut + ( – t)x
]
+ ζTx, ∀x ∈ C,
where projC :H → C is the metric projection from H on C.
Next, we show that the mapping Gt is strongly pseudocontractive. Indeed, for x, y ∈ C,
we have












+ ζ 〈Tx – Ty,x – y〉
≤ ( – ζ )∥∥projC[tut + ( – t)x] – projC[tut + ( – t)y]∥∥‖x – y‖
+ ζ‖x – y‖
≤ ( – ζ )( – t)‖x – y‖ + ζ‖x – y‖
=
[
 – ( – ζ )t
]‖x – y‖.
Since ζ , t ∈ (, ),  – ( – ζ )t ∈ (, ). Hence, Gt is a strongly pseudocontractive mapping.
By [], Gt has a unique ﬁxed point xt ∈ C. That is, xt satisﬁes
xt = ( – ζ )projC
[
tut + ( – t)xt
]
+ ζTxt , ∀t ∈ (, ). (.)
Remark . ut ∈H can be seen as a perturbation.
Next, we prove the convergence of the path (.).
Theorem . If limt→ ut = u ∈H , then the path {xt} deﬁned by (.) converges strongly to
projFix(T)(u).
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Proof Let p ∈ Fix(T). We get from (.) that




tut + ( – t)xt
]
– p,xt – p
〉
+ ζ 〈Txt – p,xt – p〉
≤ ( – ζ )∥∥projC[tut + ( – t)xt] – p∥∥‖xt – p‖ + ζ‖xt – p‖
≤ ( – ζ )∥∥t(ut – p) + ( – t)(xt – p)∥∥‖xt – p‖ + ζ‖xt – p‖
≤ ( – ζ )[( – t)‖xt – p‖ + t‖ut – p‖]‖xt – p‖ + ζ‖xt – p‖.
It follows that
‖xt – p‖ ≤ ‖ut – p‖.
Since limt→ ut = u ∈H , there exists a constantM >  such that supt∈(,) ‖ut –u‖ ≤M. So,
‖xt – p‖ ≤ ‖ut – p‖ ≤ ‖ut – u‖ + ‖u – p‖ ≤M + ‖u – p‖.
Thus, {xt} is bounded.
By (.), we have
‖xt – Txt‖ =
∥∥( – ζ )projC[tut + ( – t)xt] + ζTxt – Txt∥∥
≤ ( – ζ )∥∥projC[tut + ( – t)xt] – Txt∥∥
≤ ( – ζ )[‖xt – Txt‖ + t‖ut – xt‖].
Therefore,
‖xt – Txt‖ ≤ ( – ζ )t
ζ
‖ut – xt‖ ≤ ( – ζ )t
ζ
(‖ut – u‖ + ‖xt – u‖)→ 
(as t → ). (.)
Let {tn} ⊂ (, ) be a sequence satisfying tn → + as n→ ∞. Put xn := xtn . By (.), we get
lim
n→∞‖xn – Txn‖ = . (.)
By (.), we obtain




tut + ( – t)xt
]
– p,xt – p
〉
+ ζ 〈Txt – p,xt – p〉
≤ ( – ζ )∥∥projC[tut + ( – t)xt] – p∥∥‖xt – p‖ + ζ‖xt – p‖
≤  – ζ
(∥∥projC[tut + ( – t)xt] – p∥∥ + ‖xt – p‖) + ζ‖xt – p‖.
Hence,
‖xt – p‖ ≤
∥∥projC[tut + ( – t)xt] – p∥∥
≤ ∥∥xt – p + t(ut – xt)∥∥
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= ‖xt – p‖ + t〈ut – xt ,xt – p〉 + t‖ut – xt‖
= ‖xt – p‖ – t〈xt – p,xt – p〉 + t〈ut – p,xt – p〉 + t‖ut – xt‖
= ( – t)‖xt – p‖ + t〈ut – p,xt – p〉 + t‖ut – xt‖.
It follows that
‖xt – p‖ ≤ 〈ut – p,xt – p〉 + t‖ut – xt‖

≤ 〈ut – p,xt – p〉 + tM. (.)
HereM >  is a constant such that supt∈(,) ‖ut–xt‖

 ≤M. In particular, we obtain
‖xn – p‖ ≤ 〈un – p,xn – p〉 + tnM, ∀p ∈ Fix(T). (.)
Since {xn} is bounded, there exists a subsequence {xni} of {xn} satisfying xni → x∗ ∈ C
weakly. By (.), we get
lim
i→∞‖xni – Txni‖ = . (.)
Applying Lemma . to (.) to deduce x∗ ∈ Fix(T).
By (.), we derive
∥∥xni – x∗∥∥ ≤ 〈uni – x∗,xni – x∗〉 + tniM. (.)
Since uni – x∗ → u – x∗ and tni → , we deduce that xni → x∗ by (.). By (.), we have
∥∥x∗ – p∥∥ ≤ 〈u – p,x∗ – p〉, ∀p ∈ Fix(T). (.)
Assume that there exists another subsequence {xnj} of {xn} satisfying xnj → x† weakly.
Similarly, we can prove that xnj → x† ∈ Fix(T), which satisﬁes
∥∥x† – p∥∥ ≤ 〈u – p,x† – p〉, ∀p ∈ Fix(T). (.)
In (.), we pick up p = x† to get
∥∥x∗ – x†∥∥ ≤ 〈u – x†,x∗ – x†〉. (.)
In (.), we pick up p = x∗ to get
∥∥x† – x∗∥∥ ≤ 〈u – x∗,x† – x∗〉. (.)
Adding (.) and (.), we deduce
∥∥x† – x∗∥∥ ≤ .
Thus, x∗ = x†. This indicates that the weak limit set of {xn} is singleton and the path {xt}
converges strongly to x∗ = projFix(T)(u) by (.). This completes the proof. 
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Corollary . The path {xt} deﬁned by




+ ζTxt , ∀t ∈ (, ),
converges strongly to projFix(T)(), which is the minimum-norm ﬁxed point of T .
Now, we introduce another algorithm, which is an explicit manner.
Algorithm . Let {ςn} and {ζn} be two real number sequences in (, ). Let {un} ⊂H be
a sequence. For x ∈ C arbitrarily, let the sequence {xn} be generated by
xn+ = ( – ζn)projC
[
ςnun + ( – ςn)xn
]
+ ζnTxn, n≥ . (.)
Theorem . Assume the following conditions are satisﬁed:




(C) limn→∞ un = u ∈H .
Then we have
() the sequence {xn} is bounded;
() the sequence {xn} is asymptotically regular, that is, limn→∞ ‖xn+ – xn‖ = .
Further, if
∑∞
n= ςn =∞ and limn→∞ ‖xn+–xn‖ζn = , then the sequence {xn} converges strongly
to projFix(T)(u).
Proof By the condition (C), we can ﬁnd a suﬃciently large positive integer m such that
 – / – ζm
(κ + )(κ + )
(





Let p ∈ Fix(T). For ﬁxedm, we pick up a constantM >  such that
max
{‖x – p‖,‖x – p‖, . . . ,‖xm– – p‖, ‖xm – p‖ + ‖um – p‖}≤M. (.)
Next, we show that ‖xm+ – p‖ ≤M. Set yn = projC[ςnun + ( – ςn)xn] for all n≥ . Thus,
we have xn+ = ( – ζn)yn + ζnTxn for all n≥ .
Since I – T is monotone, we have
〈




(I – T)xm+ – (I – T)p,xm+ – p
〉≥ .
By (.), we obtain
‖xm+ – p‖ = ( – ζm)〈ym – p,xm+ – p〉 + ζm〈Txm – p,xm+ – p〉
= ( – ζm)
〈
ym – ςmum – ( – ςm)xm,xm+ – p
〉
+ ( – ζm)
〈
ςmum + ( – ςm)xm – p,xm+ – p
〉
+ ζm〈Txm – p,xm+ – p〉
= ( – ζm)
〈
ym – ςmum – ( – ςm)xm,xm+ – p
〉
+ ( – ζm)〈xm – p,xm+ – p〉 + ( – ζm)ςm〈um – xm,xm+ – p〉
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+ ζm〈Txm – p,xm+ – p〉
= ( – ζm)
〈
ym – ςmum – ( – ςm)xm,xm+ – p
〉
+ 〈xm – p,xm+ – p〉 – ( – ζm)ςm〈xm+ – p,xm+ – p〉
– ( – ζm)ςm〈xm – xm+,xm+ – p〉 – ( – ζm)ςm〈p – um,xm+ – p〉
+ ζm〈Txm – Txm+,xm+ – p〉 + ζm〈xm+ – xm,xm+ – p〉
– ζm〈xm+ – Txm+,xm+ – p〉.
Note that
∥∥ym – ςmum – ( – ςm)xm∥∥≤ ‖ym – xm‖ + ςm‖xm – um‖
=
∥∥projC[ςmum + ( – ςm)xm] – xm∥∥ + ςm‖xm – um‖
≤ ςm‖xm – um‖.
Then we have
‖xm+ – p‖ ≤ ( – ζm)
∥∥ym – ςmum – ( – ςm)xm∥∥‖xm+ – p‖
+ ‖xm – p‖‖xm+ – p‖ – ( – ζm)ςm‖xm+ – p‖
+ ( – ζm)ςm
(‖xm+ – xm‖ + ‖um – p‖)‖xm+ – p‖
+ ζm
(‖Txm – Txm+‖ + ‖xm+ – xm‖)‖xm+ – p‖
≤ ( – ζm)ςm‖xm – um‖‖xm+ – p‖ + ‖xm – p‖‖xm+ – p‖
+ ( – ζm)ςm
(‖xm+ – xm‖ + ‖um – p‖)‖xm+ – p‖
– ( – ζm)ςm‖xm+ – p‖ + ζm(κ + )‖xm+ – xm‖‖xm+ – p‖
≤ ‖xm – p‖‖xm+ – p‖ + ( – ζm)ςm
(‖xm – p‖ + ‖um – p‖)‖xm+ – p‖
– ( – ζm)ςm‖xm+ – p‖ + (ςm + ζm)(κ + )‖xm+ – xm‖‖xm+ – p‖.
Hence,
[
 + ( – ζm)ςm
]‖xm+ – p‖ ≤ ‖xm – p‖ + ςm(‖xm – p‖ + ‖um – p‖)
+ (κ + )(ςm + ζm)‖xm+ – xm‖. (.)
By (.), we have
‖xm+ – xm‖ ≤ ( – ζm)
∥∥projC[ςmum + ( – ςm)xm] – xm∥∥ + ζm‖Txm – xm‖
≤ ( – ζm)ςm
(‖xm – p‖ + ‖um – p‖) + ζm(‖Txm – p‖ + ‖p – xm‖)
≤ ςm
(‖xm – p‖ + ‖um – p‖) + ζm(κ + )‖xm – p‖
≤ (κ + )(ςm + ζm)‖xm – p‖ + ςm‖um – p‖
≤ (κ + )(ςm + ζm)M. (.)
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From condition (C), we deduce ςm →  and ζm →  asm→ ∞. Therefore, we get
lim
m→∞‖xm+ – xm‖ = .
That is, the sequence {xm} is asymptotically regular.
By (.) and (.), we have
[
 + ( – ζm)ςm
]‖xm+ – p‖
≤ ‖xm – p‖ + ςm
(
‖xm – p‖ + ‖um – p‖
)





M + (κ + )(κ + )(ςm + ζm)M.
This together with (.) and (.) imply that
‖xm+ – p‖ ≤
[
 – (/ – ζm)ςm – (κ + )(κ + )(ςm + ζm)







(/ – ζm)ςm[ – /–ζm (κ + )(κ + )(ςm + ζm + (ζ

m/ςm))]




By induction, we get
‖xn – p‖ ≤M, ∀n≥ .
So {xn} is bounded.
By (.), we have
‖xn – Txn‖ ≤ ‖xn – xn+‖ + ‖xn+ – Txn‖
≤ ‖xn – xn+‖ + ( – ζn)
∥∥projC[ςnun + ( – ςn)xn] – Txn∥∥
≤ ‖xn – xn+‖ + ( – ζn)‖xn – Txn‖ + ςn‖xn – un‖.
It follows that
‖xn – Txn‖ ≤ 
ζn
‖xn – xn+‖ + ςn
ζn
‖xn – un‖.
By the condition limn→∞ ςnζn =  and the assumption limn→∞
‖xn+–xn‖
ζn
= , we deduce
lim
n→∞‖xn – Txn‖ = . (.)
Let the net {zt} be deﬁned by zt = ( – ζ )projC[tut + ( – t)zt] + ζTzt . By Theorem ., we




projFix(T)(u) – un,projFix(T)(u) – yn
〉≤ .
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By the deﬁnition of {zt}, we have








+ ζ (Tzt – Txn) + ζ (Txn – xn).
It follows that




tut + ( – t)zt
]
– xn, zt – xn
〉
+ ζ 〈Tzt – Txn, zt – xn〉
+ ζ 〈Txn – xn, zt – xn〉




tut + ( – t)zt
]
– tut – ( – t)zt , zt – xn
〉
+ ( – ζ )
〈
tut + ( – t)zt – xn, zt – xn
〉
+ ζ 〈Tzt – Txn, zt – xn〉
+ ζ 〈Txn – xn, zt – xn〉.




tut + ( – t)zt
]
– tut – ( – t)zt , zt – xn
〉≤ .
Then
‖zt – xn‖ ≤ ( – ζ )
〈
tut + ( – t)zt – xn, zt – xn
〉
+ ζ‖zt – xn‖
+ ζ‖Txn – xn‖‖zt – xn‖
= ( – ζ )‖zt – xn‖ – ( – ζ )t〈zt – ut , zt – xn〉 + ζ‖zt – xn‖
+ ζ‖Txn – xn‖‖zt – xn‖,
which implies that
〈zt – ut , zt – xn〉 ≤ ζ( – ζ )t ‖Txn – xn‖‖zt – xn‖.





〈zt – ut , zt – xn〉 ≤ . (.)
Note the fact that the two limits lim supt→ and lim supn→∞ are interchangeable. This to-




projFix(T)(u) – u,projFix(T)(u) – xn
〉≤ .




projFix(T)(u) – un,projFix(T)(u) – yn
〉≤ .
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Finally, we prove that xn → projFix(T)(u). Note that
〈








Txn – projFix(T)(u),xn+ – xn
〉









ςnun + ( – ςn)xn – projFix(T)(u), yn – projFix(T)(u)
〉
≤ 〈ςnun + ( – ςn)xn – projFix(T)(u), yn – projFix(T)(u)〉
= ( – ςn)
〈




projFix(T)(u) – un, yn – projFix(T)(u)
〉
≤ ( – ςn)








∥∥yn – projFix(T)(u)∥∥ ≤ ( – ςn)∥∥xn – projFix(T)(u)∥∥
– ςn
〈
projFix(T)(u) – un, yn – projFix(T)(u)
〉
. (.)
By (.), (.), and (.), we get
∥∥xn+ – projFix(T)(u)∥∥
=
∥∥( – ζn)(yn – projFix(T)(u)) + ζn(Txn – projFix(T)(u))∥∥
≤ ∥∥( – ζn)(yn – projFix(T)(u))∥∥
+ ζn
〈
Txn – projFix(T)(u),xn+ – projFix(T)(u)
〉
≤ ( – ζn)( – ςn)
∥∥xn – projFix(T)(u)∥∥ + ζn∥∥xn – projFix(T)(u)∥∥
– ςn( – ζn)
〈
projFix(T)(u) – un, yn – projFix(T)(u)
〉
+ ζn
∥∥Txn – projFix(T)(u)∥∥‖xn+ – xn‖
≤ [ – ( – ζn)ςn]∥∥xn – projFix(T)(u)∥∥ + ζ n∥∥xn – projFix(T)(u)∥∥
+ ςn( – ζn)
〈
projFix(T)(u) – un,projFix(T)(u) – yn
〉
+ ζn
∥∥Txn – projFix(T)(u)∥∥(κ + )(ςn + ζn)M
= ( – γn)
∥∥xn – projFix(T)(u)∥∥ + γnδn, (.)
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+ ζn – ζn





∥∥Txn – projFix(T)(u)∥∥(κ + )M.
It is clear that
∑∞
n= γn =∞ and lim supn→∞ δn ≤ . We can therefore apply Lemma . to
(.) and conclude that xn → projFix(T)(u) as n→ ∞. This completes the proof. 
Corollary . Let {ςn} and {ζn} be two real number sequences in (, ). For x ∈ C arbi-
trarily, let the sequence {xn} be generated by




+ ζnTxn, n≥ . (.)
Assume limn→∞ ςn = limn→∞ ςnζn = limn→∞
ζn
ςn
= . Then we have
() the sequence {xn} is bounded;
() the sequence {xn} is asymptotically regular, that is, limn→∞ ‖xn+ – xn‖ = .
Further, if
∑∞
n= ςn =∞ and limn→∞ ‖xn+–xn‖ζn = , then the sequence {xn} converges strongly
to projFix(T)(), which is the minimum-norm ﬁxed point of T .
Proof Letting un = u =  in (.), we obtain (.). Consequently, by Theorem ., we
ﬁnd that the sequence {xn} generated by (.) converges strongly to projFix(T)(), which
is the minimum-norm ﬁxed point of T . 
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